We perform first-principles calculations of the electronic structure, phonon dispersion, and electron-phonon coupling in elemental As at various pressures above and below the rhombohedral A7 to simple cubic (sc) structural transition. We find that the electron-phonon coupling constant λ, and hence the superconducting transition temperature Tc, is largest near the structural transition and decreases away from it. Changes in λ as a function of pressure are primarly explained by changes in the density of states at the Fermi level for pressures below the transition, and by changes in phonon frequency for pressures above the transition. Although the couplings to the Γ1 optical phonon mode (for A7) and the R phonon mode (for sc) are large, the contribution of these modes to λ for their respective structures is modest.
For many materials, applying pressure is known to cause structural phase transitions and changes in superconducting transition temperature (T c ).
1 A striking example is elemental Li, which undergoes several structural phase transitions with increasing pressure and reaches a T c as high as 20 K. [2] [3] [4] Crystalline elemental As is known experimentally to undergo a transition from the rhombohedral A7 structure at ambient pressure to the simple cubic (sc) structure at around 25-32 GPa as pressure is increased. 5, 6 The stability of the A7 structure at ambient pressure and the transition to sc with increasing pressure can be explained by a Peierls distortion mechanism. In such a mechanism, strong coupling of electrons to the sc R and A7 Γ 1 optical phonon modes, Fermi surface nesting, a Kohn anomaly are all involved.
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In addition, As under pressure is superconducting, 12, 13 with the most recent study measuring a peak in T c around the pressure of the phase transition.
14 In this study, this peak in T c was explained qualitatively by changes in the electronic density of states at the Fermi level (ǫ F ) and the phonon frequencies of the A7 Γ 1 optical mode and the sc R mode.
While these phenomena demonstrate that electronphonon (e-p) coupling is important in As, it would be interesting to understand the role of e-p coupling in more detail. In particular, a precise understanding of the relative importance of changes in the density of states at ǫ F [N (ǫ F )], phonon frequency, and e-p matrix elements to changes in T c would be useful. In addition, the importance of particular phonon wavevectors in superconductivity has been demonstrated in Li and other materials. [15] [16] [17] Given that the sc R mode has particular importance in the structural transition in As, its role in superconductivity would also be interesting to understand. Such physical insight might also be applicable to our understanding of other materials that undergo changes in structure and T c with pressure, such as the other Group V elements.
Detailed studies of e-p coupling are now possible with recent methodological developments and increasing computational power. In particular, a recently developed method based on Wannier functions allows the study of e-p coupling on fine grids in the Brillouin zone (BZ) for electron and phonon states.
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In the present study, we perform first-principles calculations of the electronic structure, phonon dispersion, and e-p coupling in As as a function of pressure around the A7 to sc transition. Our results for T c are in good agreement with experiment. We verify that that the peak in T c is directly related to the structural transition, and we study the changes as a function of pressure of the phonons, N (ǫ F ), e-p matrix elements, the e-p coupling constant λ, and T c . We find that the softening of the A7 optical mode/sc R mode does not have a large direct effect on T c . The main importance of this mode is its role in the A7 to sc structural transition, which leads to a large change in N (ǫ F ) and thus a large change in T c . Furthermore, we find that the change in T c above the structural transition pressure is primarily due to changes in average phonon frequency across all modes.
In Sec. II, we briefly describe the A7 structure and its relation to the sc structure. The method and computational details for the present study are given in Sec. III. In Sec. IV we present our results, divided into the following subsections: the structure of As as a function of pressure (Sec. IV A) and the e-p properties of the sc structure (Sec. IV B) and the A7 structure (Sec. IV C). General trends for e-p coupling as a function of pressure and a comparison of our results to experiment are presented in Sec. V. In Sec. VI we conclude the paper.
II. A7 AND sc STRUCTURES IN ARSENIC
The rhombohedral A7 structure contains two atoms per unit cell and can be specified by three parameters: the lattice constant a rhom , the rhombohedral angle α between two direct lattice vectors, and the internal param-eter u, which determines the distance between the two atoms in the cell. An A7 structure having the same species for its two basis atoms and with α = 60
• and u = 0.25 is equivalent to the sc structure.
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Elemental As at ambient pressure exists in the A7 structure with experimentally measured lattice parameters of a rhom = 4.1018Å, α = 54.554
• , and u = 0.2276 (at 4.2 K). 20 The structure is layered, with each As atom forming strong p-like bonds to each of its three nearest intralayer neighbors, while interlayer bonding is weaker. The stability of the A7 structure with respect to sc at ambient pressure can be understood in terms of a Peierls mechanism. The rhombohedral distortion and the displacement of atoms away from the sc positions, as indicated by the decreased u parameter, allow the formation of covalent p-like bonds, open a gap at ǫ F , and lower the overall energy of the crystal.
As pressure is increased, the energy gain from the Peierls-like distortion with respect to the sc structure decreases, and the degree of distortion decreases until until the sc structure becomes stable at the transition pressure. The transition from A7 to sc with increasing pressure has been observed experimentally 5, 6 and has been the subject of many theoretical studies. [8] [9] [10] [11] 14, [21] [22] [23] [24] [25] [26] [27] [28] The displacement of atoms involved in the transition between the A7 and sc structures corresponds to the A7 Γ 1 optical mode. In the sc structure, the wavevector of this mode is at the R point in the BZ.
III. METHOD AND COMPUTATIONAL DETAILS
Our general procedure is as follows. We first determine the structural parameters of As as a function of pressure and the A7 to sc transition pressure by performing variable-cell relaxation calculations for various target pressures. Then, for selected pressures below and above the transition, we calculate the electronic structure, phonon modes, and e-p coupling. These quantities are then used to study the pressure dependence of T c .
A. Electron-Phonon Coupling Formalism
We study the e-p coupling within a many-body formalism. [29] [30] [31] The e-p matrix element for the scattering of an electron in band n at wavevector k to a state in band m with wavevector k + q by a phonon with mode index ν at wavevector q is given by
In this expression, |n, k is the bare electronic Bloch state, ω qν is the screened phonon frequency, M is the ionic mass, and δ qν V SCF is the derivative of the selfconsistent potential with respect to a collective ionic displacement corresponding to phonon wavevector q and mode ν. The quantities entering into Equation 1 are obtained from first-principles band structure and phonon calculations, as described in Sec. III B.
The main quantities to be calculated are the phonon linewidth γ qν , the phonon-mode-dependent coupling constant λ qν , the Eliashberg spectral function α 2 F (ω), and the average e-p coupling constant (or mass enhancement parameter) λ. In the Migdal approximation, 32 the phonon linewidth is given by
where w k is the k-point weight (normalized such that k w k = 2). The sum over electron wavevectors k can be performed on a uniform grid over the whole BZ, or over the irreducible BZ (IBZ), with appropriate weights. The phonon-mode-dependent coupling constant is given by
In terms of the phonon linewidths, α 2 F (ω) can be written as
The sum over phonon wavevector q is performed either on a uniform grid over whole the BZ, or over the IBZ, with appropriate weights w q , where q w q = 1. In Eqs. 3 and 4, N (ǫ F ) is the density of states at ǫ F per unit cell and per spin. The coupling constant λ is given by the integral
Other important frequency moments of α 2 F (ω) are defined as follows:
and
Conventional electron-phonon superconductors are well-described by the Eliashberg theory of superconductivity, 34 which is based on the BCS theory.
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Within the isotropic approximation to the Eliashberg theory, we can determine the superconducting transition temperature T c using the Allen-Dynes-modified McMillan equation:
36,37
where µ * is the Coulomb psuedopotential.
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B. Computational Details
All of our electronic structure, phonon, and e-p calculations are performed from first-principles using the Quantum-ESPRESSO code 39 (QE) within the framework of density-functional theory 40, 41 and with the localdensity approximation (LDA). 42, 43 The As ions are modeled using norm-conserving pseudopotentials 44 , while the valence electron states (5 valence electrons per atom) are calculated using a plane-wave basis set 45 with an energy cutoff of 50 Ry.
Following previous studies, 23,25-27 we calculate the structure of As as a function of pressure by performing a variable-cell relaxation at constant pressure until the components of the forces on the atoms are less than 10 −4 Ry/a.u. and the pressure is within 0.05 GPa of the target pressure. For all such relaxations, the starting structure is that of the experimental A7 structure 20 (see Sec. II).
Close to the transition pressure, the structure is sensitive to the k-point sampling of the BZ and the smearing used to occupy the electronic states. We found that using a Methfessel-Paxton (MP) smearing 46 of 0.3 eV and a 40 × 40 × 40 shifted k-grid 47 allowed us to converge a rhom , α, and u to within 0.01Å, 0.1
• , and 0.001, respectively, for the pressures we considered. These parameters are comparable to those used in Ref. 27 , in which convergence was studied in detail.
For selected pressures, we calculate the elecronic structure, phonons, and e-p coupling. Convergence of γ qν and α 2 F (ω) (Equations 2 and 4) requires the calculation of e-p matrix elements on a fine grid for both electrons and phonons. With the Electron-Phonon-Wannier method,
18,19 such a calculation can be performed with relatively low computational cost. The e-p matrix elements are computed from first-principles on coarse electron and phonon grids and then interpolated onto arbitrarily fine k-and q-grids by Wannier-Fourier interpolation. The accuracy of this interpolation is checked by examining the real space localization of the electronic Wannier states and the phonon perturbation (related to the range of the interatomic force constants). Maximally localized Wannier functions 48, 49 are obtained with the Wannier90 code.
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The computational parameters for the e-p calculations are as follows. For pressures below the structural transition, we use the unit cell of the A7 structure. The selfconsistent charge density is computed using a 20×20×20 shifted k-grid and a 0.3 eV MP smearing for the occupation of the electronic states. Wannier functions are computed for the lowest 8 bands, including all bands crossing ǫ F . For the e-p matrix elements, electronic states are computed on a uniform 6×6×6 Γ-centered coarse k-grid, while phonons are computed using a 6 × 6 × 6 Γ-centered coarse q-grid. The matrix elements are interpolated onto uniform Γ-centered fine k-and q-grids of 80 × 80 × 80 and 14 × 14 × 14, respectively.
For pressures above the structural transition, we use the unit cell for the sc structure. The density is computed using a 32 × 32 × 32 shifted k-grid with a 0.3 eV MP smearing for the occupations. Wannier functions are computed for the lowest 4 bands. Grids centered at Γ of 6 × 6 × 6 (coarse) and 100 × 100 × 100 (fine) for electrons and 6 × 6 × 6 (coarse) and 16 × 16 × 16 (fine) for phonons were used. In Eq. 2, the δ-functions are approximated by Gaussian functions of width 0.01 Ry for all pressures.
The phonon calculations are performed using densityfunctional perturbation theory (DFPT), 51 as implemented in QE. No anharmonic contribution is included. Near the structural phase transition, the A7 Γ 1 optical and sc R phonon modes soften considerably, and the anharmonic contributions are significant. 9, 14 Since the pressures at which we perform our e-p calculations are not too close to the transition, the harmonic approximation is satisfactory: although there is some error in the phonon frequencies for these particular modes, it does not effect the main results. Anharmonic effects are discussed further in Sec. IV.
IV. RESULTS
A. Determination of As structure as a function of pressure
We performed variable-cell relaxation calculations for target pressures at 5 GPa intervals in the range 0-50 GPa. The A7 lattice parameters, as well as the nearest neighbor (d 1 ) and next-nearest neighbor (d 2 ) distances between As atom positions, are plotted in Fig. 1 . The lattice constants at 0 GPa agree well with previous LDA calculations. 8, 10, [21] [22] [23] 27 The A7 and sc structures are most easily distinguished by comparing d 1 and d 2 ( Fig. 1(d) ). When d 1 = d 2 , the crystal is in the A7 structure, while d 1 = d 2 in the sc structure. Our calculated transition pressure is between 20 and 25 GPa, consistent with the most detailed previous theoretical work. with our calculations, although the pressure resolution in our calculation is not very fine, and the method of relating calculated to experimental pressures is not rigorously justified. We study the electronic structure, phonons, and e-p coupling at three (theoretical) pressures (0, 10, and 20 GPa) for which As is in the A7 structure below the transition, and three pressures (30, 40 , and 50 GPa) for which As is in the sc structure above the transition.
B. As in the sc structure Before discussing properties of As in the more complicated A7 structure, we present our results for sc As.
The band structure along high-symmetry directions and the density of states N (ǫ) for sc As at 30, 40, and 50 GPa are given in Figs. 2 and 3 . (Here we have normalized N (ǫ) to be per atom, with contributions from both spins summed.) At all pressures, three bands cross ǫ F . The bands broaden but otherwise do not change significantly as pressure is increased. The most significant change in the electronic structure is the decrease in N (ǫ F ) as pressure is increased (Fig. 3) . This trend is in agreement with the calculations of Ref. 14, although there are quantitative differences. Values for N (ǫ F ) are presented in Table  I . Figure 4 shows the phonon dispersions for sc As at 30, 40, and 50 GPa. Overall, as pressure increases, the phonon frequencies increase, as expected. A significant change in phonon frequency occurs for wavevectors near the R point in the BZ. Approaching the transition pressure from above, the R phonon softens significantly. Previous studies have indicated that Fermi surface nesting plays an important role in this phonon softening.
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The frequency of the R mode has been computed previously using the frozen phonon method. at corresponding volumes. This discrepancy may be due to differences in k-point sampling or plane-wave energy cutoff. Our calculated frequencies are lower than those of Ref.
14 by approximately 50% at 30 GPa and 25% at 50 GPa. This difference indicates the degree of anharmonicity of the R mode, since anharmonic effects were included in Ref. 14 but not in the present study. The e-p coupling parameter λ q = ν λ qν is plotted along high-symmetry directions in the BZ in Fig. 5 . The coupling at R, reaching values of 35, 9.8, and 6.1 for 30, 40, and 50 GPa, respectively, is much larger than at other points in the BZ. The change in λ q at R with pressure can mainly be attributed to the change in ω qν , as the change in γ qν is small, and the change in N (ǫ F ) is modest.
The calculated F (ω) and α 2 F (ω) for sc As are plotted in Fig. 6 (a Gaussian smearing of width 0.5 meV ≈ 4 cm −1 is used). The shape of α 2 F (ω) is very similar to that of F (ω). The main difference is the enhanced weight for higher frequencies for α 2 F (ω) compared to F (ω). The enhanced coupling to higher frequencies can be explained qualitatively as follows. Higher frequency modes correspond to compression or stretching of bonds, while lower frequency modes correspond to bond bending. Modes which change bond length modify the overlap of the half-filled p-like orbitals and thus change the electronic structure near ǫ F , in a manner similar to a Peierls distortion. Such modes therefore couple strongly to electrons at ǫ F . On the other hand, bond-bending modes do not affect the overlap of p-like orbitals as much, and therefore couple less strongly.
The integrated λ as a function of frequency is also plotted in Fig. 6 (bottom) for the three pressures considered. As α 2 F (ω) shifts to higher frequencies with higher pressure, λ decreases.
The calculated ω log , ω 2 1/2 , λ, and T c (for two values of µ * ) are given in Table I . For sc As, as pressure increases, the average phonon frequency increases, N (ǫ F ) decreases, and λ decreases, leading to a decrease in T c . Similar values for N (ǫ F ) and λ were obtained in a previous study, 53 although those calculations were not from first principles.
As pressure is decreased towards the transition from above, the increase in coupling λ q is much greater at points near R than at other regions of the BZ. As noted previously, this increase in coupling is mainly due to phonon softening. An interesting question is how much this particular coupling to phonons near R directly contributes to the increase in total λ. To answer this question, we estimate what the increase in λ from 50 to 30 GPa would be if there were no special coupling enhancement near R. We calculate λ P cut , the coupling at pressure P due to all q-points at least 0.3(π/a cubic ) away from R in reciprocal space, where a cubic is the sc lattice constant. We then get a new value
, which is the estimated coupling at 30 GPa without the special coupling enhancement at R. We find λ scaled = 0.46, while λ 30GPa = 0.50. Therefore, the extra coupling near R contributes a 0.04 increase in λ, whereas the overall increase in λ going from 50 to 30 GPa is 0.14. We conclude that the increase in total λ is not dominated by the R mode; rather, a broad range of modes contributes to the increase.
The overall trends in e-p parameters as a function of pressure will be dicussed further in Sec. V.
C. As in the A7 structure
The calculated band structure (Fig. 7) and N (ǫ) (Fig.  8) at 0 GPa are in good agreement with previous theoretical studies. 8, 10, 24 As pressure increases to 20 GPa, the bands broaden and N (ǫ F ) increases significantly, as seen in the plot of N (ǫ) (Fig. 8) . Values for N (ǫ F ) are given in Table I . A similar increase in N (ǫ F ) was found in Ref. 14, although there are quantitative differences. Note also how the shape of N (ǫ) for A7 As approaches that of sc As (Fig. 3) as the pressure increases towards the structural transition pressure.
The phonon dispersions at 0, 10, and 20 GPa are given in Fig. 9 . An overall hardening of phonons occurs with increased pressure. However, the optical phonon modes at Γ soften with increased pressure as the structural transition is approached. As pressure is increased and the structure moves closer to sc, the splitting between the optical modes at Γ decreases. These modes become degenerate when the sc structure is reached. The dispersion for 0 GPa is consistent with previous experimental 54 and theoretical 11 studies. Slight differences are likely due to the slightly smaller volume used for the present calculation. For all pressures considered, the calculated Γ 1 optical frequencies are in good agreement with previous frozen phonon calculations. 8, 14 The calculations, which include only the harmonic contribution, underestimate the experimental Raman frequencies, 6 with increasing error as the transition pressure is approached, indicating the increasing anharmonicity of this phonon mode. Figure 10 (top) shows F (ω) for 0, 10, and 20 GPa. Separate contributions from the acoustic and optical branches are shown, as well as the total. In general, both branches shift towards higher frequencies with higher pressure; the acoustic branch broadens in frequency, while the width of the optical branch does not change much. A low frequency tail, corresponding to the optical modes near Γ, appears in F (ω) for higher pressures.
The total and separate acoustic and optical contributions to α 2 F (ω) are shown in Fig. 10 (bottom). The higher frequency optical modes have a greater e-p coupling than the lower frequency acoustic modes, as seen by comparing the spectral weight of F (ω) and α 2 F (ω). A similar effect for sc As was noted and explained qualitatively in Sec. IV B.
The integrated λ is also shown in Fig. 10 (bottom) . The total λ increases significantly, from 0.19 to 0.43, when pressure is increased from 0 GPa to 20 GPa. In the acoustic modes, a significant increase of ∼ 0.1 in the integrated λ occurs when going from 0 to 10 GPa, while a further increase to 20 GPa does does not increase the contribution from acoustic modes to λ much. The optical mode contribution increases more than the acoustic mode contribution upon increase of pressure from 10 to 20 GPa.
The coupling of the optical modes at Γ is very large, with λ q reaching a value of 20 at 20 GPa. Both an increasing e-p matrix element and phonon softening contribute to this large value of λ q . However, the phase space near Γ is small, as seen in Fig. 10 (top right) , where in the range 100-200 cm −1 , the optical contribution to F (ω) is small. Therefore, although the coupling is large for the optical modes at Γ, the contribution of these modes to the increase in total λ with increasing pressure is quite modest. From the integrated λ curve, we estimate that the contribution of these modes to the increase in λ from 0 to 20 GPa is about 0.05, while the total increase in λ is 0.24. Furthermore, if anharmonic effects were included in the calculation, the e-p coupling of the optical modes near Γ would likely decrease due to an increased phonon frequency, leading to an even smaller contribution to the increase in total λ. Thus the phonon softening itself is not the main direct cause of the increase in λ with increasing pressure.
The primary importance of the phonon softening is indirect. Phonon softening leads to structural changes and changes in electronic structure, the most important of which is the increase in N (ǫ F ). As discussed in Sec. V, the increase in N (ǫ F ) is the dominant cause of increasing λ with pressure in the A7 structure.
The e-p quantities for A7 As are summarized in Table  I .
V. DISCUSSION
To understand the relative contributions of changes in phonon frequencies, N (ǫ F ), and e-p matrix elements to changes in λ as a function of pressure, we consider the relation
where g 2 is the average over the Fermi surface of the e-p matrix element, and M is the ionic mass. Values for g 2 are obtained indirectly using Eq. 9 from the calculated values of λ, N (ǫ F ), and ω 2 , as given in Table I . To analyze relative changes as a function of pressure, we take the natural logarithm of the quantities, normalized to the value at 0 GPa, and plot them in Fig. 11 for the range 10-50 GPa. From Eq. 9, we have
where the subscript 0 denotes the value at 0 GPa. Positive values of log(x/x 0 ) indicate an increase in the value of x as compared to the value at 0 GPa, while negative values indicate a decrease. Note also that for the
, so that in Fig. 11 the sum of the contributions from N (ǫ F ) and g 2 equals the contribution from η. As discussed in Ref. 36 , η can be considered as an electronic contribution to λ and ω 2 a phononic contribution. Figure 11 shows the following effects as pressure is increased. The increase in phonon frequencies acts in the direction of lowering λ. The average matrix elements g 2 generally increase, but the effect is not as signifcant as the effects from N (ǫ F ) and phonon frequencies. For A7 As, the dominant cause of the increase in λ is the large increase in N (ǫ F ), which overcomes the increase in ω 2 . For sc As, it is interesting that the decrease in N (ǫ F ) with increasing pressure is compensated by the increase in g 2 , so that η is almost constant as a function of pressure. Equivalently, λ is almost proportional to 1/ ω 2 ; i.e., the dominant effect in the decrease of λ with increasing pressure is the increase in phonon frequency. The overall trend for λ is to increase with pressure in the A7 structure, and decrease with pressure in the sc structure.
In Fig. 12 , we compare our calculations for T c as a function of pressure to experimental results from Chen et al. 14 The calculated values are shifted to the experimental pressures, following the procedure described in Sec. IV A. For Calculations 1A and 2A, we use the EOS parameters from Kikegawa and Iwasaki 5 and Beister et al. 6 , respectively. For each set of points, one point (with calculated pressure 30 GPa) lies within the pressure range for which a finite T c was experimentally measured by Chen et used for the other pressures. We obtain µ * = 0.128 and 0.117 for Calculations 1A and 2A, respectively.
The validity of our results is supported by the fact that these values for µ * are close to the accepted values for other conventional superconductors. 36, 37 In addition, we find that at pressures below and above the peak in T c , the calculated T c is below 1.7 K; this result is consistent with the experiment. However, we note that a transition from sc to another structure was observed experimentally at around 48 GPa (Ref. 56) and is not accounted for in the present calculation.
We also consider how µ * might change with pressure. We expect µ * to vary with N (ǫ F ) as the pressure changes; a reasonable relation is given by a modified Bennemann-Garland formula:
where C is a constant and N (ǫ F ) is given in (states/eV atom). The effect on T c is shown in Fig. 12 . Calculations 1B and 2B are the same as 1A and 2A, respectively, except that µ * is varied with pressure according to Eq. 11, using the calculated N (ǫ F ) values (Table I) . For Calculation 1B (2B), we set C = 0.57 (0.52) so that the µ * of 0.128 (0.117) matches Calculation 1A (2A) at the point with a theoretical pressure of 30 GPa. If this variation in µ * with pressure is included, the peak in T c is somewhat broader than if µ * is taken to be constant, but the results remain consistent with experiment. While the changes with pressure of µ * and λ have oppposite effects on T c , the changes in λ dominate.
VI. CONCLUSION
Our first-principles e-p coupling calculations for As at pressures above and below the A7 to sc transition show that the peak in T c is indeed related to the structural transition, as suggested by previous studies. The main factor in the increase in λ and hence T c with increasing pressure below the transition is the large increase in N (ǫ F ), while the decrease in λ above the transition is mainly due to the increase in average phonon frequency as pressure increases. The softening and large e-p coupling of the A7 Γ 1 optical and sc R modes as the transition is approached do not make a large direct contribution to the increase in λ; nevertheless, they play important roles in the peak in T c because they drive the structural transition. The physical mechanisms discussed here have relevance for e-p coupling in other Group V elements as well. 
